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8 Infinite series of real numbers

8.1 The Definition and Basic Examples

The most important application of sequences is the definition of convergence of an infinite series.
From the elementary school you have been dealing with addition of numbers. As you know the
addition gets harder as you add more and more numbers. For example it would take some time
to add

S10=1+2+3+4+5+---4+98+99+ 100

It gets much easier if you add two of these sums, and pair the numbers in a special way:

250= 14+ 24+ 3+ 44---4+97+984+99+ 100
1004+99+98 +97+---+ 4+ 3+ 2+ 1

A straightforward observation that each column on the right adds to 101 and that there are 100
such columns yields that

101 - 100
2 5100 =101 100, that is 5100 = T = 5050.

This can be generalized to any natural number n to get the formula

(n+1)n‘

Sn=14243+445+- -+ (n—1)+n=""

This procedure indicates that it would be impossible to find the sum

1+243+4+5+ - +n+--

where the last set of - - - indicates that we continue to add natural numbers.
The situation is quite different if we consider the sequence
11 1 1 1
27478 167 7 o7 T
and start adding more and more consecutive terms of this sequence:
1 1 1
- —1_- ==
2 2 2
1 N 1 _1 r 3
2 4 44
L, S S
2 4 8 -8 8
1 n 1 n 1 N 1 _ 1 15
2 4 8 16 16 16
1 . 1 . 1 . 1 n 1 B 31
2 4 8 16 32 32 32
[ S S R 163
2 4 8 16 32 64 64 64
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These sums are nicely illustrated by the following pictures

1
8
1 1 1
2 2 2
1 1
7 7
1 1
32 32 1
1 1 1 o
8 8 8
S s 1
16 16 16
1 1 1
2 2 2
1 1 1
7 7 7
In this example it seems natural to say that the sum of infinitely many numbers %, i, %, ... equals
1:
L
2 4 8 16 2n B

Why does this make sense? This makes sense since we have seen above that as we add more
and more terms of the sequence

we are getting closer and closer to 1. Indeed,

L SR
16 2n o 2n

) 1
lim (1 — —) =1.
n— 400 n

This reasoning leads to the definition of convergence of an infinite series:

+ -+ 4

DO |
e~ =
o =

and

Definition 8.1.1. Let {a,},;;> be a given sequence. Then the expression

aq + a9 + as + -+ (07 + -
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is called an infinite series. We often abbreviate it by writing
+oo
a + ay +oag + oo+ oay Feoo= Y an
n=1

For each natural number n we calculate the (finite) sum of the first n terms of the series

Sp=a1 + as + a3 + -+ + a,.

+oo

We call s,, a partial sum of the infinite series Z a,. (Notice that {s,}> is a new sequence.) If
n=1

the sequence {s,} 2] converges and if

lim s, =5,
n—-—+00

then the infinite series Z:ﬁ ay, is called convergent and we write

a +oay +oag + o+ ay +oo=85  or Y a,=

The number S is called the sum of the series.
If the sequence {s,},'> does not converge, then the series is called divergent.

In the example above we have

2" —1
n p— 1 —_—— =
’ on ~ " on
1
lim (1 — —) = 1.
n—-+o00 on
Therefore we say that the series
e L 3!
2 4 8 16 2n E=ta
+00
d it is 1. We writ — =1
converges and its sum is e write ; om
In our starting example
ap, = n,
1
sn:1+2+3+-~-+n:w

g (et bn

does not exist.
n—-+4o0o 2
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Therefore we say that the series
+oo
1+2+3+4+ - +nt-=>mn
n=1

diverges.

Example 8.1.2 (Geometric Series). Let a and r be real numbers. The most important infinite
series 1s

+oo
atar+ar’+art+-tar" 4= ar" (8.1.1)
n=0

This series is called a geometric series. To determine whether this series converges or not we
need to study its partial sums:

Sp = a, S =a+ar,
52:a+ar+ar2, 53:a+ar+ar2+ar3,
sa=a+ar—+ari+ard+art ss=a+ar+ar*+ar*+art +ar’,

sp=a+ar+ar’+---+ar" " +ar’

1

Notice that we have already studied the special case when a = 1 and » = —. In this special

case we found a simple formula for s, and then we evaluated lim s,. It turns out that we can
n—-400

find a simple formula for s, in the general case as well.
First note that the case a = 0 is not interesting, since then all the terms of the geometric
series are equal to 0 and the series clearly converges and its sum is 0. Assume that a # 0. If

r =1 then s, = na. Since we assume that a # 0, lirf na does not exist. Thus for » = 1 the
n—-rod

series diverges.
Assume that r £ 1. To find a simple formula for s,,, multiply the long formula for s, above
by r to get:

Sp=a+ar+ar’+---+ar"t+ar",
rs,=ar—+ar’+---+ar"+ar*t
now subtract,
+1

n
Sp—TrsS,=a—ar"" ",

and solve for s,,:
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We already proved that if || < 1, then lim 7"t =0. If |r| > 1, then lim 7"*! does not exist.

n—+0o00 n—+o00
Therefore we conclude that
1 —prtt 1
lim s, = lim a =a for |r| <1,
n—-+o00 n—-4o00 1—r 1—7r
lim s, does not exist for |r|>1.
n—-+00
In conclusion
+00 1
e If |r| < 1, then the geometric series E ar"™ converges and its sum is a .
-
n=0
+oo
e If |r| > 1, then the geometric series E ar" diverges.
n=0

The following picture illustrates the sum of a geometric series with a > 0 and 0 < r < 1. The
width of the rectangle below is 1/(1 — r) and the height is a. The slopes of the lines shown are
(1 —r)a and r(1 —1)a.

a

ar’

ar®

ar ar

ar4

ar

In the picture above the terms of a geometric series are represented as areas. As we can see the
areas of the terms fill in the rectangle whose area is a/(1 — 7).

In the picture below we represent the terms of the geometric series by lengths of horizontal
line segments. The picture strongly indicates that the total length of infinitely many horizontal
line segments is a/(1 — r). The reason for this is that by the construction the slope of the
hypothenuse of the right triangle in the picture below is —(1 — 7). Since its vertical leg is a, its
horizontal leg must be a(1 — r).
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ar

ar3

ar

ar? ar3 ar* ar® ar®

Remark 8.1.3. How to recognize whether an infinite series is a geometric series?

+oo 7Tn+2 7Tn+2
Consider for example the infinite series E >— - Here a, = ——.
en= en=
n=1
Looking at the formula (8.1.1) we note that the first term of the series is @ and that the ratio
between any two consecutive terms is 7.
n+2
For a, >— given above we calculate
o2n—
7.(.n-i-1-|-2
i1 g2n)—1  gt3enTl
a, 71-n+2 e2n+1 pn+2 e2 :
62n—1
. An41
Since

+0o n+2
is constant, we conclude that the series g
Qp,

m . . . .
is a geometric series with
62n—1

n=1

71.2

T
a=a,=— and r=—

> forall n=123,....
e e

Since r = — < 1, we conclude that the sum of this series is
e

+oc0

Z 2 g2 1 w2 e? m2e
e2n—1 e 1T e e2—7

n=1

e2

Thus, to verify whether a given infinite series is a geometric series calculate the ratio of the
consecutive terms and see whether it is a constant:

+00

Z a, for which Gntl _ r forall n=1,2,3,
G,

n=1

(8.1.2)
is a geometric series. In this case a = a; (the first term of the series).

Example 8.1.4 (Harmonic Series). Harmonic series is the series

11 1 =<
1 4+ = Z e —
totg ot ;:1”
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Again, to explore the convergence of this series we have to study its partial sums:

1
Sl:]-> 52:1+§a
1 1 1 1 1
S T T B T T T
Ss=1+5+3, Si=l+s+3+7
11 1 1 11 1 1 1
Ss=14+=-+4+-+-+4+- Se=1+-+-+—-+-+4+=
5 +2—|—3+4+5, 6 +2+3+4+5+6’
Sr=14oyiqpdi 1] Se=14oypliqpl L1 1
T3 a5 e T T 27374 5 6 7%
== 14 i giyy o]
S 2 3 n—1 n
Since S,41 — S, = 7 > 0 the sequence {S,}12 is increasing.
n
Next we will prove that the sequence {S,}'2] is not bounded. We will consider only the
natural numbers which are powers of 2:  2.4,8,...,2% .... The following inequalities hold:
S—I—F1>1+1 —1—%11
S T B 2
1 1 1 1 1 1 1 1 1
e — — - > — — — = — — e —
Sy 1+2+3+4_1+2+4+4 1+2—|—24 1+22
Se=1t+ipiply L1 1]
T 273 74757678
1 1 1 1 1 1 1 1 1 1
>l+-—4+-+-F+-F-F+—-F-=14+=-4+2-+4- =1 —
= +2+4+4—|—8+8 8+8 +2+ 4+ 3 +32
Sw=l4o4oyiyty bt b 1 1
P34 s 6 7T 8910 11 12 13 14 15 16
>1+1+1+ 1+1 1 1
2 4 4 8 8 8 8
1 1 1 1 1
=1+-+4+2-+4+4- — =1+4-
+2+ 4+ 8+816 * 2
Continuing this reasoning we conclude that for each £ = 1,2, 3, ... the following formula holds:
Sp=ldopoqpt by b L, b o]
#0231y 8 k=1 " 9k=1 41 2k
1 1 1 1 1 1
>14 42> +4-+8— 4 -2 — =1+k=
>145+2 Hag 8+ 12 +h 5

Thus
1
52k21+k§ forall k=1,2,3,... (8.1.3)
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This formula implies that the sequence {S,},> is not bounded. Namely, let M be an arbitrary
real number. We put j = max{2 Floor(M),1}. Then

j > 2 Floor(M) > 2(M —1).

Therefore,

1
L+jg>M.

Together with the inequality (8.1.3) this implies that
Soi > M .

Thus for an arbitrary real number M there exists a natural number n = 2/ such that S, > M.
This proves that the sequence {S,}2 is not bounded and therefore it is not convergent.

In conclusion:
e The harmonic series diverges.

The next example is an example of a series for which we can find a simple formula for the
sequence of its partial sums and easily explore the convergence of that sequence. Examples of
this kind are called telescoping series.

o0 1

Example 8.1.5. Prove that the series Z converges and find its sum.
n=1

n(n+1)
Solution. We need to examine the series of partial sums of this series:

Lty 1,2,3
Sp = N =449
1.2 2.3 3.4 nn+1)

It turns out that it is easy to find the sum s, if we use the partial fraction decomposition for

each of the terms of the series:
1 1 1

. forall k=1,23,....
kEk+1) Kk kvl O

Now we calculate:

1 1 1 1

K T R B S Ry Py

(11 11 11 1 1 1 1
(I_é) (5‘5)*(5‘1) <n_1‘ﬁ)+(a‘n+1)
B 1

N _n+1

Thus s, =1 — for alln =1,2,3,.... Using the algebra of limits we conclude that

n+1

lim s, = lim (1— ! ):1.
n—-+o00 n—-+o00 n+1
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Therefore the series (

“n(n+1)

—+00

n=1

>

n+1)

converges and its sum is 1:

=1.
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O

Exercise 8.1.6. Determine whether the series is convergent or divergent. If it is convergent,

find its sum.

() f6 ) o

© TE- W
O Yo )

S

Z pn—1

n=1
“+oo
)

n=1
+oo
2

> g

n=2

thﬁw
2n+1

n=0

+o0o

Z(sin D

n=0
+oo

Z(tan "

n=0

+o  n43

OEDPE=

n=1
“+oo
2

(h) Zn2+4n+3

n=0

1) Eim(1+%)

A digit is a number from the set {0,1,2,3,4,5,6,7,8,9}. A decimal number with digits
di,ds,ds, ..., d,,...1is in fact an infinite series:

+o00 dn
10m°

n=1

0.dydods ... dy, ... =
Therefore each decimal number with digits that repeat leads to a geometric series. We use the
following abbreviation:
O.dldgdg cee dk = O.dldgdg e dkdldgdg cee dkdldgdg cee dkdldgdg e dk cee

Exercise 8.1.7. Express the number as a ratio of integers.

() 00=0999... (b) 07=0777... (c) 0.712 (d) 05432

8.2 Basic Properties of Infinite Series

An immediate consequence of the definition of a convergent series is the following theorem

+oo
Theorem 8.2.1. If a series Zan converges, then lim a, = 0.
— n—-—+o0o
+oo
Proof. Assume that Z a, is a convergent series. By the definition of convergence of a series
n=1

lim s, = S. Then also

its sequence of partial sums {s,}'>] converges to some number S:
n—-+0oo

lim s,_1 =.5. Now using the formula
n—-+400

ap = Sp — Sp_1, forall n=234,...,
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and the algebra of limits we conclude that

lim a,= lim s,— lim s,.1=5—5=0.
n—-4o0o n—-400 n—-400

O
Warning: The preceding theorem cannot be used _EO conclude that a particular series con-
oo
verges. Notice that in this theorem it is assumed that Z a, is a convergent.

On a positive note: Theorem 8.2.1 can be used to cg;élude that a givef series diverges: If we

[e.9]
know that n1—1>r-|I-100 a, = 0 is not true, then we can conclude that the series Z a, diverges. This is

n=1

a useful test for divergence.

Theorem 8.2.2 (The Test for Divergence). If the sequence {a,}t2 does not converge to 0, then

“+oo
the series Z a, diverges.
n=1
+o00 1
Example 8.2.3. Determine whether the infinite series Z coS <—) converges or diverges.
n
n=1

Solution. Just perform the divergence test:

1
lim cos <—) =1+#0.
n—-4o0o n

+oo
1
Therefore the series Z coS <—) diverges. O
n=1 n
—+oc0 n(_l)n
Example 8.2.4. Determine whether the infinite series converges or diverges.
n=1
(—=nmy T
Solution. Consider the sequence :
n+1]) _;
1 2 1 4 1 6 1 8 1 10 1 12 1 2k
1-2733-4°5°5-6" 7 7-899-10" 11" 11-12" 13" 7 (2k—1) -2k’ 2k+1"

(8.2.1)
Without giving a formal proof we can tell that this sequence diverges. In my informal language

the sequence (8.2.1) is not constantish since it can not decide whether to be close to 0 or 1.
i L
n

Therefore the series diverges. O
n+1

n=1
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+oo
1
Remark 8.2.5. The divergence test can not be used to answer whether the series Zsin <—)

n
n=1

1
converges or diverges. It is clear that lim sin <—) = 0. Thus we can not use the test for
n—-+4oo n

divergence.

“+oo “+oo
Theorem 8.2.6 (The Algebra of Convergent Infinite Series). Assume that Z ay and Z b, are

n=1 n=1
convergent series. Let ¢ be a real number. Then the series

+oo +oo +oo
Z can, Z(an +b,), and Z(an —by),
n=1 n=1 n=1

are convergent series and the following formulas hold

—+00 +00
E cay = C E Ay
n=1

“+oo +00

Z(an—i-b Zan—l—an, and
n=1

“+oo

Z(an—bn) :Zan—an.
n=1 n=1 n=1

+00 +00
Remark 8.2.7. The fact that we write Z b, does not necessarily mean that Z b, is a genuine

n=1 n=1
infinite series.

For example, let m be a natural number and assume that b, = 0 for all n > m. Then

+o00 +00 +oo
an = an. In this case the series an is clearly convergent. If Zan is a convergent
n=1 n=1
“+oo
(genuine) infinite series, then Theorem 8.2.6 implies that the infinite series Z(an + bn) is
n=1

convergent and
+00
> (an +by) Z an + Z by
n=1

This in particular means that the nature of convergence of an infinite series can not be changed
by changing finitely many terms of the series.
For example, let m be a natural number. Then:

+00 +oo
The series E a, converges if and only if the series g Gyl CONVErges.
n=1 k=1



o4

—+00

Moreover, if > a, converges, then the following formula holds
n=1

+oo m +0o0o

DU SIS SP

n=1 j=1 k=1

T 1 .
Example 8.2.8. Prove that the series Z ——— — — ) converges and find its sum.
nn+1) 27

Exercise 8.2.9. Determine whether the series is convergent or divergent. If a series is convergent
find its sum.

(a) Znil (b) Zarctann (c) Zgnm%lzn (d) Z<n23_1+§n)

© Yo Znsin(%) (2) Z% (m) > (09" +(0.1)")

Exercise 8.2.10. Express the following sums as ratios of integers and as repeating decimal
numbers.

(a) 047405 (b) 0.499 + 0.47 (c) 0.499 + 0.503

8.3 Comparison Theorems

Warning: All series in the next two sections have positive terms! Do not use the
tests from these sections for series with some negative terms.

The convergence of the series in Examples 8.1.2 and 8.1.5 was established by calculating the
limits of their partial sums. This is not possible for most series. For example we will soon prove
that the series

=1
n=1 77,2
2
converges. To understand why the sum of this series is exactly 3 you need to take a class about
Fourier series, Math 430.
I hope that you have done your homework and that you proved that the series

+o0 1

> g

n=2

converges and that you found its sum. If you didn’t here is a way to do it: (It turns out that
this is a telescoping series.)

Let
Sp=iqp iyl 1
3 8 15 n?—1
Since S, 41 — S, = ————— > 0 the sequence {5} is increasing.

(n+1)2-1



For each k = 2,3,4, ... we have the following partial fractions decomposition

1 1 11 1
E2—1 (k—1)(k+1) 2\k—-1 k+1)°
Next we use this formula to simplify the formula for the n-th partial sum

n n n

1 1 1 1 1 1 1
S = m—;§<m—m)—§;<m—m)

G-+ G-9 G

=
||

N = N N =

Using the algebra of limits we calculate

2n+1 2 1

on + 1 2 TS 040
= = lim —1 = n_n- _ =0.
n? n

Therefore, using the algebra of limits again, we calculate

3 3

lim S,=-—-0=-.

n—stbo 1 A
3

Clearly S, < 1 foralln=2,3,....

Now consider the series

§L—1+1+1+i+ T
n? 49016 n?
et 1 1 1 1
To=ld -t =ttt —.
ittt T
1
The fact that 1,41 — T, = CESE > () implies that the sequence {T},}2 is increasing.
n
Since
1<1 1<1 1 - 1 1 - 1
4 "3 9 8 16 15 7 n2 n2-1
We conclude that
1 1 1 1 1 1 1 1 3
Tp=1d-d b dod <l b g e =148, <1+°.
titgt gttt g <ltgtgtp ot =1+ +3

) )

55
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7
Thus 7,, < 1 for all n = 2,3,4,.... Since the sequence {T},}/ is increasing and bounded above
+oo
7
it converges by Theorem 7.3.4. Thus the series g — converges and its sum is < i
n

n=1
The principle demonstrated in the above example is the core of the following comparison

theorem.

+00 “+oo
Theorem 8.3.1 (The Comparison Test). Let Zan and an be infinite series with positive

n=1 n=1
terms. Assume that

a, <b, forall n=1,2,3,....

400 +o0 400 +00
a) If Z b, converges, then Z a, converges and Z a, < Z b, .
n=1 n=1 n=1 n=1

+o0o +o0o
b) IfZan diverges, then an diverges.

n=1 n=1

Sometimes the following comparison theorem is easier to use.

+00 +00
Theorem 8.3.2 (The Limit Comparison Test). Let Zan and an be infinite series with

n=1 n=1
positive terms. Assume that

+oo +oo +oo +oo
If an converges, then Zan converges. Or, equivalently, if Zan diverges, then an

n=1 n=1 n=1 n=1
diverges.

_l_
Example 8.3.3. Determine whether the series Z converges or diverges.
“V1+nb

Solution. The dominant term in the numerator is n and the dominant term+in the denominator
o

is v/nb = n3. This suggests that this series behaves as the convergent series Z —. Since we am
n

n=1
trying to prove convergence we will take

n+1 1
a, = \/ﬁ and b, = 3
in the Limit Comparison Test. Now calculate:
n+l n*(n+1) 1
o VI o ) T e

= lim
n—-+oo ;E n—-+oo \/1<+.n6 n—+o00 +/1 +.n6 n—-—oo 1

5 Yo
n n3 n6
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In the last step we used the algebra of limits and the fact that

/1
n—-—+00 n
which needs a proof by definition.

n+1

ot oo
/ 6 1

Since we proved that lim Vit 1 and since we know that Z — Is convergent, the
n

n—-+o0o ]_
ﬁ n=1
Limit Comparison Test implies that the series converges. O
Z e

In the next theorem we compare an infinite series with an improper integral of a positive
function. Here it is presumed that we know how to determine the convergence or divergence of
the improper integral involved.

Theorem 8.3.4 (The Integral Test). Suppose that x +— f(x) is a continuous positive, decreasing
function defined on the interval (0, +00). Assume that a, = f(n) for alln =1,2,.... Then the
following statements are equivalent

—+00

(a) The integral f(x)dx converges.
1

+o00
(b) The series Zan converges.

n=1

At this point we assume that you are familiar with improper integrals and that you know
how to decide whether an improper integral converges or diverges.
We will use this test in two different forms:

+00 +oo

e Prove that the integral f(z) dx converges. Conclude that the series Z a, converges.
1 n=1
+00 +oo
e Prove that the integral f(x) dx diverges. Conclude that the series Z a, diverges.
1 n=1

+oo
1
Example 8.3.5 (Convergence of p-series). Let p be a real number. The p-series E - is
n

convergent if p > 1 and divergent if p < 1.

Solution. Let n > 1. Then the function x — n” is an increasing function. Therefore, if p < 1,
then n?” < n. Consequently,
1

1
— >—, forall n>1 and p<1.
np n’
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+o0 +oo
1 1
Since the series Z — diverges, the Comparison Test implies that the series Z — diverges for
n n

n=1 n=1

all p < 1.
1
Now assume that p > 1. Consider the function f(x) = —, > 0. This function is a
x

continuous, decreasing, positive function. Let me calculate the improper integral involved in the
Integral Test for convergence:

Rl | t1 1 1
/ —dx = lim —dx = lim ——
1

P t——+o00 1 xP t—+oo 1 —p :L'P—l

1 1 1 1
= lim [— —1|=—(-1)=——
1 —ptotoo \ P71 1—p p—1
Thus this improper integral converges. Notice that the condition p > 1 was essential to conclude

1
that lim —— = 0. Since — = f(n) for all n = 1,2,3,..., the Integral Test implies that the
n

t——+oo tP—1
“+oo
series E — converges for p > 1. 0J
n
n=1

1
Remark 8.3.6. We have not proved this for all p > 1 the function f(z) = — T > 0, is continuous.
x

One way to prove that for an arbitrary a € R the function x — 2, > 0 is continuous is to use
the identity
% =T g >0,

This identity shows that the function z — x% x > 0 is a composition of the function exp(x) =
e, r € R and the function x +— a Inz, > 0. The later function is continuous by the algebra of
continuous functions: It is a product of a constant a and a continuous function In. We proved
that exp is continuous. By Theorem ?? a composition of continuous function is continuous.
Consequently x — z x > 0 is continuous.
One way to prove this is to use the squeeze
1 1

1
1— N =< — f 11 >1——.
p(z >_:c1”_1—|—p(:c—1) or all = )

For p = 2,3,4, ..., this squeeze can be proved by induction. For other

Exercise 8.3.7. Determine whether the series is convergent or divergent.

< 1 < 2 < 1 <= Inn
(a) ;n—\/ﬁ (b) ;ne (c) ;nlnn (d) ;ﬂ
O amar O Xa o © LeG) 0 L TeE)
OND SETONNOND SLEN OIS SECINNNN N Setias

For the series in (e) find all numbers b for which the series converges.
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Exercise 8.3.8. A digit is a number from the set {0,1,2,3,4,5,6,7,8,9}. A decimal number

with digits dy,ds,ds, ..., d,, ... is in fact an infinite series:
+o0o
dy,
0.dydyds ... d, ... = —.
“— 10"

Use a theorem from this section to prove that the series above always converges.

8.4 The Ratio and Root Tests

Warning: All series in this section have positive terms! Do not use the tests from
this section for series with negative terms.
In Remark 8.1.3 we pointed out (see (8.1.2)) that a series

+oo

Z a, for which Gntl _ r forall n=1,23,...
Qn,

n=1

is a geometric series. Consequently, if |r| < 1 this series is convergent, and it is divergent if

lr| > 1.
+00

Testing the series Z o

n=0

1 . 2\ " 2\ "
3n+l _ont2 gn _ gn+l B 3 (1 2(3)) 1 1 2(3)

1 - 37’L+1 _ 2TL+2 o 2 n - 3 9 nt1
__ n+1 _ _
3 v (12(3)) 7 5)

which certainly is not constant, but it is “constantish.” We propose that series for which the ratio
any1/a, is not constant but constantish, should be called “geometrish.” The following theorem
tells that convergence and divergence of these series is determined similarly to geometric series.

o1 using this criteria leads to the ratio

+o0
Theorem 8.4.1 (The Ratio Test). Assume that Z a, s a series with positive terms and that

n=1

. Ap+1
lim =R.
n—-+o0o an,

Then
(a) If R <1, then the series converges.
(b) If R >1, then the series diverges.

Another way to recognize a geometric series is:

—+00

A series Z a, for which p Intl _ ) forall n= 1,2,3,...
a1

n=1
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is a geometric series. Consequently, if |r| < 1 this series is convergent, and it is divergent if
lr| > 1.

o0 n
1+n
Testing the series E < ] _:_ 5 ) using this criteria leads to the root
n
n=0

. <1+n)" l+n =41

1+2n) 1420 142
which certainly is not constant, but it is “constantish.”
+00
Theorem 8.4.2 (The Root Test). Assume that Z a, 1s a series with positive terms and that
n=1

lirf Va, = R.
Then
(a) If R <1, then the series converges.

(b) If R > 1, then the series diverges.

Remark 8.4.3. Notice that in both the ratio test and the root test if the limit R = 1 we can
conclude neither divergence nor convergence. In this case the test is inconclusive.

Exercise 8.4.4. Determine whether the series is convergent or divergent.

™= 1 X /n+2\" A <% n!
@ 2 5g ©® Z(Qn—l) © 2@ @ Zl-3~5~-~(2n—1)

E SN
@ XIE o Yt Y Y
R | oo o 2n oo - oo )
(i) — 2273)! () Zl (3n2 +1)» (k) Zl 32n (1) Zl (arctann)”

X n? X (n+ 1) X an X1-3-5---(2n—1
w5 X_j% I SEENCIDS S

For some of the problems you might need to use tests from previous sections.
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8.5 Alternating Infinite Series

In the previous two sections we considered only series with positive terms. In this section we
consider series with both positive and negative terms which alternate: positive, negative, positive,
etc. Such series are called alternating series. For example

1 1 1 1 1 1
l——4+—-— -4+ - ——+... 1)yl = ”+1 51
stz gtg gt -t Z (8.5.1)

1 1 1 1 1 1 1 1 1 1 < A(-1)n
1— 14+ — 4 - — 4+ - — = 859
T3T Ty T3 T TR 5 o6 Zn(3+(_1)n+1) (8.5.2)

3 4 5 6 7 n+1 n+1
2y 22 2 L. 1"+1_ - J R —— 5.
LAY =

Theorem 8.5.1 (The Alternating Series Test). If the alternating series

400
a; — as + a3 — Ay + -4 (—1)"+1an + o= Z(—l)n+1an

n=1
satisfies the following two conditions:
(i) 0<apy1 <a, foral n=1,2.3,...,
T —0

then the series is convergent.

Proof. Assume that {a,}> is a non-increasing sequence (that is assume that (i) is true) and

lim a, =0.
n—-—+00

By the definition of convergence for each € > 0 there exists N (e) such that
n €N, n>N(e) implies |a, — 0| <e.
Since a, > 0, the last implication can be simplified as
neN, n>N(e implies a, <e. (8.5.4)
We need to show that the sequence of partial sums {s, },,
Sp=a1 —a; —ay + a3 —ag+ -+ (=1)"a,, n=1234,...,

is convergent.
First consider the sequence {sy,} > of even partial sums. Then

S2(nt1) — S2n = Q2py1 — G2pg2 > 0,  since by (i) agni2 < agnyr-

Thus the sequence {ss, },7> is non-decreasing.
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Next we compare an arbitrary even partial sum sy, with an arbitrary odd partial sum sq;_;.
Assume j < k, then

Sok — S2j-1 = (—ag; +agj1) + (—agjsa +agps) +- -+ (—a2k—a+ azk—3) + (—agr—2 +agr1) — az.

Each of the numbers in the parenthesis is negative. Therefore the last sum is negative. That is
So < 89,1 for j < k.
Assume now that 7 > k, then

S2j—1 — S2k = (azk+1 - a2k+2) + (a2k+3 - a2k+4) e (azj—s - azj—4) + (a2j—3 - a2j—2) + agj-1.

Each of the numbers in the parenthesis is positive. Therefore the last sum is positive. That is
Sor, < 891 for j > k. Thus we conclude that

Sop, < S25-1 for all j, k= 1, 2, 3, cee s (855)

In particular (8.5.5) means that {ss,},>] is bounded above and that each so; 1, j = 1,2,3,...1s
an upper bound. Since the sequence {sa,}.t2 is also non-decreasing, the Monotone Convergence
Theorem, Theorem 7.3.4, implies that {s,,},> converges to its least upper bound, call it S.
Consequently

Sop < S <s9;_1 forall jk=1,23,.... (8.5.6)

For each two consecutive natural numbers n,n — 1 one of them is even and one is odd. Therefore
the inequalities in (8.5.6) imply that

|sn — S| < |$p — Sp_1| =a, forall n=1,23,.... (8.5.7)
Let € > 0 be arbitrary. Let n € N be such that n > N(¢). Then by (8.5.4) we conclude that
a, < € (8.5.8)
Combining the inequalities (8.5.7) and (8.5.8) we conclude that
ls, — S| <e.
Thus we have proved that for each € > 0 there exists N(¢) such that
neN, n>N(e) implies |[s,— S| <e.

“+oo
1

n=

converges and therefore the alternating series converges.
O

This proves that the sequence {s,

Example 8.5.2. The series in (8.5.1) is called alternating harmonic series. It converges.

Solution. We verify two conditions of the Alternating Series Test:

) 1 1
py1 < a, since ——<—, forall n=123,...,
n+l n
lim — =0 is easy to prove by definition.

n—-+4oo N,

Thus the Alternating Series Test implies that the alternating harmonic series converges. O
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Remark 8.5.3. The Alternating Series Test does not apply to the series in (8.5.2) since the
sequence of numbers

1111111111 4
3253748596 7 B4 (=)

is not non-increasing. Further exploration of the series in (8.5.2) would show that it diverges.
The Alternating Series Test does not apply to the series in (8.5.3) since this series does not
satisfy the condition (ii):

) n+1
lim
n—-+4o0o n

—140.
Again this series is divergent by the Test for Divergence.

Exercise 8.5.4. Determine whether the given series converges or diverges.

(a) Jio COS (mr + %) (b) Jio sin(n%) (c) i" sin(mr — %)

(d) jfi;cos(nwjti) (e) gln(l_(;)") 0 jiilism(ng)

Many of the exercises in the next section use the Alternating Series Test for convergence. Do
those exercises as well.

8.6 Absolute and Conditional Convergence

In the previous section we proved that the alternating harmonic series

1 1 1 1 1 w1 R |
1—§—|—§—Z—|—3—6+---+(—1) E+...:nz::1(_1) . converges. (8.6.1)

Later on we will see that the sum of this series is In 2.

Talking about infinite series in class we have often used the analogy with an infinite column
in a spreadsheet and finding its sum. A series with positive and negative terms one can interpret
as balancing a checkbook with (infinitely) many deposits and withdrawals. Looking at the
alternating harmonic series (8.6.1) we see a sequence of alternating deposits and withdrawals,
infinitely many of them. What we proved in the previous section tells that under two conditions
on the deposits and withdrawals, although it has infinitely many transactions, this checkbook
can be balanced.

Now comes the first surprising fact! Let’s calculate how much has been deposited to this
account:

1 1 1 1 R |
1 - - - J— . 8.6.2
Tty Tttt T Zn:12n—1 (8.6.2)
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Applying the Limit Comparison Test with the harmonic series it is easy to conclude this series
diverges. Looking at the withdrawals we see

B . SR N e (8.6.3)

Again this is a divergent series. This is certainly a suspicious situation: Dealing with an account
to which an unbounded amount of money has been deposited and an unbounded amount of
money has been withdrawn. A simpler way to look at this is to look at the total amount of
money that went through this account (one can call this amount the total “activity” of the
account):

+0o0o
1 1 1 1 1 1 1
-1 n+l = | 1 _ - _ _ _ Ce _ cee 8.6.4
;J() 7J tobg sttt ot (8.6.4)

This is the harmonic series which is divergent.

Since we know that an unbounded amount of money has been deposited to this account we
might want to get in the spending mood sooner and do two withdrawals after each deposit,
keeping the amounts the same:

+o—=—= o — ot -t (8.6.5)

In any real life checking account this might result in an occasional low balance but if the deposits
and withdrawals are identical, no mater how you arrange them they should result in the same
final balance. Amazingly this is not always the case with infinite series! (This is the second
surprising fact!) The series in (8.6.5) also converges but to a different number then the series in
(8.6.1). The following calculation indicates that the sum of the series in (8.6.5) is 1/2 of the sum
of the alternating harmonic series in (8.6.1).

G g, Ll 1. 11 1+1 1 1+ . 1 1 1
kT T 974376 85 10 12 % —1 4k—2 4k
B [ S S S S 1
a 4 6 8 10 12 4k —2 4k

1 1+1 1+1 1+ n 1 1
2 3 4 5 6 2k—1 2k

This is a remarkable observation: a change of order of summation can change the sum of an
infinite series. This feature is closely related to the fact that the total activity of the account
expressed in (8.6.4) is a divergent series. This is a motivation for the following definition.

+oo
Definition 8.6.1. A convergent series Z ay is called conditionally convergent if the series

n=1
+oo

of the absolute values of its terms Z la,| is divergent.

n=1
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+oo
Definition 8.6.2. A series Z a, is called absolutely convergent if the series of the absolute
n=1
+oo
values of its terms Z |a,| is convergent.
n=1

Example 8.6.3. Prove that the series

1 1 1 1 1 1 o 1
1l o4 2 (=) = —1)ntl
179 163 36" +(=1) pe Z( ) n2

n=1
is absolutely convergent.

Solution. By the definition of absolute convergence we need to determine the convergence of the
series

+00 “+oo
1 1 11 1 1 1
1)t | = e N E S N
;( ) n? nz::rﬂ +4+9+16+25+36+

This is a p-series with p = 2. Therefore this series converges. (Notice that at the beginning of
Section 8.3 we proved that this series converges by comparing it to a telescoping series.) O

Remark 8.6.4. One can interpreted the series in Example 8.6.3 as a checking account with in-
finitely many alternating deposits and withdrawals. In this case the total activity of the account
is a convergent series. Consequently the total amount deposited

11 1 R |
14 2 — e = - - 8.6.6
L RS R C e Y e ;(271—1)2 (86.6)
and the total amount withdrawn
1 1 1 1 R | 11
Lo S B N 8.6.7
TR TR TR DY AP D (86.7)

are both convergent series. As we can see, the total amount withdrawn is 1/4 of the total activity
of the account. We mentioned before that (we can not prove it in this course)

§1—1+1+1+1+1+1+ 7
2 49 160 25 36 6
Therefore
+00
1 11 1 1 1 2 17 1n® n?
Syttt s Ar Ir 7
— n 479 16 25 36 46 46 26 12
“+oo

Theorem 8.6.5. If a series Zan 15 absolutely convergent, then it is convergent.

n=1
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+00 +oo
Proof. Assume that Zan is absolutely convergent, that is assume that Z |a,| is convergent.
n=1 n=1

+o0
Then the algebra of convergent series the series Z 2 |ay,| is convergent. Since —|a,| < a, < |a,],

n=1
we conclude that

0<ap+|a,| <2|a,| forall n=123,...

+o0o
By the Comparison Test it follows that the series Z(an + |an|) is convergent. The algebra of
n=1
convergent series implies that the series
+00 +oo
> (@ +laal) = laa]) = - a
n=1 n=1
is also convergent. O

The following stronger versions of the Ratio and the Root test can be applied to any series
to determine whether a series converges absolutely or it diverges.

+oo
Theorem 8.6.6 (The Ratio Test). Let Z a, be a series for which lim [ 1] = R. Then

= ntee an]

(a) If R <1, then the series converges absolutely.

(b) If R > 1, then the series diverges.

“+oo
Theorem 8.6.7 (The Root Test). Let Z a, be a series for which liIP V|an| = R. Then
n=1

(a) If R <1, then the series converges absolutely.
(b) If R > 1, then the series diverges.

Notice that if the root or the ratio test apply to a series, then series either converges absolutely
or diverges. This implies that if a series converges conditionally, then either

lim a1 =1 or li —‘anﬂ‘

n—-4oo |an| n—-4oo |an|

does not exist,

and also

lim {/la,|] =1 or

lim
n—-+o0o n—-+00

{/|a,| does not exist.

In other words, the root and the ratio test cannot lead to a conclusion that a series converges
conditionally.

It turns out that our only tool which can be used to conclude conditional convergence is the
alternating series test.
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Exercise 8.6.8. Determine whether the given series converges conditionally, converges abso-
lutely or diverges.

S~ cos(nm) <= sin(nr/2) = (=) &2~y
Sk UBSE TSI S SN oE

+oo 1 \n+l +oo ol/n +00 o Yoo -
(e) Z% (f) Z(_l)n-HT (g) Z<_1)n+lﬁ () Z(_1>n+1n_\i_l
o Y EVT 6 Y ey B g Sy @ 3 cyiw i

In problem (e) determine all the values of p for which the series converges absolutely, converges
conditionally and diverges.

Exercise 8.6.9. Determine whether the given series converges conditionally, converges abso-
lutely or diverges.

(a) Z(—l)”“% (b) Z(_l)n+l2n+3j_(_1)n
(c) Z(—l)"“cos(%) (d) Z(—l)"“sin(%)

9 Series of functions

9.1 Power Series

The most important series is the geometric series:
+oo
2 3 n o n
at+ar+ar-+ar’+---+ar°+---= ar”.
n=0

If —1 < r <1 the geometric series converges. Moreover, we proved

+oo
Zar”:a+ar+a7‘2+a7’3+~-~+ar"+~-~:

n=0

© for —1<r<1.  (9.1.1)

1—r

Replacing r by x and letting a = 1 we can rewrite the formula in (9.1.1) as

+oo 1

Zx":1+a¢—|—:172+x3—|—----|-x"+-..:1 for —l<z<l. (9.1.2)
— X

n=0

The formula (9.1.2) can be viewed as a representation of the function

f(z) = , —l<ao<l,

as an infinite series of powers of z: 1 = 2°, z, 22, 23,. . :

“+oo
1_x:1+x+x2+x3+---+x"+---=;x" for —1<az<l.



